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ABSTRACT
The paper presents an elastic property gradient based meshing strategy for functionally graded material (FGM)
objects. Based on the assumption that finer meshes are required if the increases change in the modulus of elasticity,
an algorithm is proposed that utilizes the elastic modulus for mesh creation as well as mesh refinement of a two
dimensional region. The meshes thus generated are evaluated for mesh quality and a mesh refinement strategy based
on the elasticity modulus gradient has been applied.
Keywords: FGMs, Material based graded mesh, Contour curve.

1. Introduction
Functionally Graded Materials (FGM), belong to a class of advanced materials with varying properties over
a changing dimension (Mahamood et. al, 2012). The concept is to make a composite material by varying the
microstructure from one material to another material with a variable gradient (Simsek, 2009). They are primarily used
as coatings and interfacial zones to reduce stresses resulting from the material property mismatch, to improve the
surface properties and to provide protection against severe loading in thermal and chemical environments (Xiao et.
al) in many applications it is of central importance to control stress concentrations inside composite structural
component (Lipton, 2002).
Large amount of literature is available on mesh generation methods for triangular/ tetrahedral elements such as
Delaunay triangulation, advancing front, spatial decomposition method, Quadtree/Octree and sphere/circle packing
methods, Some other methods such as grid based approach, mapped element approach, medial axis transformation,
paving, plastering and whisker weaving methods are used for quadrilateral/ hexahedral elements (Chiu et. al, 2011),
(Owen, 1998), (Staten et. al, 2006). Most of the methods present the object as a geometric entity and material property
variation within the object has no role in the meshing-methodology. Only few works are available on mesh generation
of heterogeneous objects. Some studies (Chiu et. al, 2011), (Teo et. al, 2007), (Yongjie et. al, 2010) are available of
meshing heterogeneous objects by separating the region from heterogeneous and considering each region as
homogeneous. Only selected studies (Gengdong et. al, 1996), (Heinrich et.al, 1996), (Pfeiler et. al, 2007) are reported
for graded element on one direction. The authors could not find any relevant work for meshing bi- direction variation
of FGMs.
Present work is dedicated to define a strategy for meshing FGMs based on material property variation in both of the
Cartesian directions as well as checking the mesh quality of the generated mesh.

2. Method Overview
The approach proposed in this paper is to construct a material region and its corresponding graded mesh. Delaunay
triangulation algorithms are adopted as the mesh generation method considering its theoretical merits. Figure 1
illustrates the process of graded mesh generation of 2D. The input to the method is material region and boundary
region. The output is material based graded and quality mesh of the inputs. The graded mesh generation process is
divided into six stages: modelling of FGMs, contour curves, nodes formation, and triangulation, mesh quality and
mesh improvement.
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Figure 1: Process flow description

2.1 Modelling of FGMs
It is presumed that the modulus of elasticity E(x, y) of a two dimensional rectangular region, the modulus of elasticity
is varied along the object by equation 1.
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Where (x, y ) are the Cartesian coordinates of a point on the object, nx & ny is X Y direction powers of the modulus
of elasticity variation in the region, Lx & Ly is length along x and y direction respectively and E1 and E2 are the
extreme values of the modulus of elasticity of the object as shown in Figure 2.
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Figure 2: Schematic diagram of modelling of FGMs

2.2 Contour curve
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Depending upon the value of x & y, the contours for constant E(x, y) values are shown in Figure 3. The different
contour lines have equal increment in E values which is also called levels of contour curves (n).

(a)

(b)

Figure 3: Example of contour curve of material property variation with powers (a) nx=1, ny=1 (b) nx=4, ny=4.

2.3 Nodes formation
It is presumed that number of nodes in a particular contour is proportional to the length of the particular contour
subject to the nearest integer value. The number of nodes in a particular contour is fixed initially by the user and
subsequently nodes in other contours are evaluated accordingly. Figure 4 (a) (b) & (c) shows example of contour
curves, nodes in contour curves and nodes in two dimensional FGM object.

(a)

(b)

(c)

Figure 4: (a) Examples two Contour curve (b) nodes in contour curve (c) nodes in FGM object.

2.4 Triangulation
From previous section sets of points on the plane are defined and using Delaunay algorithm triangulation is done in
the object. During triangulation, triangles with zero area were removed.

2.5 Mesh Quality Check
Mesh quality can be broadly measured or checked in terms of mesh orthogonality, expansion, aspect ratio, warpage,
skewness, maximum corner angle, jacobian etc. Mesh quality check is done with Aspect ratio, Mesh Orthogonality
and Maximum corner angle in the present work.
Aspect ratio (AR) is the ratio of largest to smallest dimension of element i.e. Lmax/Lmin is shown in Figure 5, AR
of 1 is always good, AR up to 10 allowed. In some cases AR up to 50 also gives satisfactory results if stress gradient
is close to zero. It is widely believed that finite element method requires moderate AR otherwise computational
accuracy is lost so in our case we taken AR as 5.
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Figure 5: Mesh quality; Lmax/lmin, limits of maximum and minimum corner angles.
Mesh-orthogonality (MO) relates to how close the angle between adjacent element faces or adjacent element edges
are to some optimal angle. Orthogonality angle minimum taken as 200 is shown in Figure 5.
Maximum corner angle (MCA) is computed for all elements. Large angle approaching to 1800 degrade performance.
Best possible maximum angle for triangle id 600 is shown in Figure 5.

2.6 Mesh Quality Improvement
In the previous section, nodes are placed along a contour approximately at a fixed length as given by the user input
to initiate the procedure. It is found that not all elements are good according to mesh quality parameters. So for
improvement of meshes, increase the level of the contours to n+1 from the original n, and check the quality of mesh
if it is acceptable. If the quality is unacceptable, then again increase the levels again by an increment of 1, and
continue the procedure until the acceptable quality of element achieved.

(a)

(b)

Figure 6: (a) bad mesh quality regions (b) improved mesh quality.
In Figure no 6 (a) one object with material property variation power is nx=4, ny =1was taken as an example and it
was two regions (marked with red circle) where element quality is not good. In Figure 6 (b), it is shown that by using
iteration method bad element gets converted to good element.
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3. Results and discussion
In this section four examples are presented to illustrate the working as well as efficiency of our algorithms. As per
our study no software is available for mesh generation based on material information, thus we conclude our results
better in terms mesh quality percentage. The following parameters were considered for element quality evaluation:
AR, MO and MCA. The results thus obtained are shown in Figures 7, 8, 9 & 10 respectively with different power
function of the variation of modulus of elasticity.

Figure 7: Example of material based graded meshing: nx=1 & ny=1 material variation FGM and Graded mesh

Figure 8: Example of material based graded meshing: nx=2 & ny=2 material variation FGM and Graded mesh

Figure 9: Example of material based graded meshing: nx=4 & ny=1 material variation FGM and Graded mesh
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Figure 10: Example of material based graded meshing: nx=1 & ny=5 material variation FGM and Graded mesh.
Table 1 shows the percentage of good elements for different parameters for each of the cases.

Table 1: Quality of elements
Material variation
in x and y
direction

Aspect
(AR)

nx=1 & ny=1
nx=2 & ny=2
nx=4 & ny=1
nx=1 & ny=5

99.9%
98.3%
98.2%
98.7%

ratio

Mesh orthogonality
(MO)

Maximum corner
angle (MCA)

97.33%
96.6%
97.58%
95.84%

97.33%
96.6%
98.3%
96.9%

Table 1: Quality of elements
From the figures it seems that the material based graded element is achieved in considered FGMs cases, also quality
of element from table no 1 is acceptable. from initially defined n level of contour curve the graded mesh and element
quality is achieved in case 1, 2, 3 where as in case 4 contour level increases for good quality of elements.

4. Conclusion
In this paper, a material gradient based method for generating finite element mesh for functionally graded material
object is presented. The elemental area and geometry depends on the elastic property variation within the two
dimensional object. The strategy to divide the region into equal elastic property contours is consistent with the
hypothesis that the mesh size has some direct relationship with the elastic property gradient. The mesh quality
achieved is generally is very good. Where ever, the material gradient increases, a finer mesh is generated. The strategy
to improve the mesh quality is also consistent with our hypothesis where we increase the levels of the contours. The
strategy works for different power laws of material variation.

5. Future Work
The meshes thus generated will be tested for FEM analysis for convergence of the result.
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