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Abstract
Flutter is the most important of all aero elastic phenomena and it is difficult to predict. Hence in this
paper we dealt with frequency independent aero elastic equation for determining the critical flutter
velocity for Cessna 152 trainer aircraft at which the aircraft is unstable. This approach is based on
the Routh-Hurwitz method. To evaluate the theoretical flutter speed, the experimental flight
envelope of Cessna 152 is considered. Therefore for this aircraft to achieve safe flight, the aircraft
should fly less than the obtained flutter velocity.
Keywords: Cessna 152,Flutter speed , Flight envelope

1. Introduction
Aero elasticity is the branch of engineering that studies the interactions between
the inertial, elastic, and aerodynamic forces that occur when an elastic body is exposed to
a fluid flow such as air, water and other liquids. Although historical studies have been focused on
aeronautical applications, recent research has found applications in fields such as energy
harvesting and understanding snoring. The study of aero elasticity may be broadly classified into two
fields: static aero elasticity, which deals with the static or steady response of an elastic body to a
fluid flow; and dynamic aero elasticity, which deals with the body’s dynamic (typically vibrational)
response.
Aero elasticity draws on the study of fluid mechanics, solid mechanics, structural
dynamics and dynamical systems. The synthesis of aero elasticity with thermodynamics is known as
aerothermoelasticity, and its synthesis with control theory is known as aero servo elasticity [1].
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Figure.1.Collar diagram [2]

1.1 Introduction to flutter
Flutter is a dynamic instability of an elastic structure in a fluid flow, caused by positive
feedback between the body's deflection and the force exerted by the fluid flow. In a linear system, 'flutter point'
is the point at which the structure is undergoing simple harmonic motion - zero net damping - and so any
further decrease in net damping will result in a self-oscillation and eventual failure. 'Net damping' can be
understood as the sum of the structure's natural positive damping, and the negative damping of the
aerodynamic force.
Flutter can be classified into two types:
I) Hard flutter, in which the net damping decreases very suddenly, very close to the flutter point.
ii) Soft flutter, in which the net damping decreases gradually.

1.2 How flutter develop
The wing is a very flexible part of the airplane. While standing on the ground, you can move the wing tip
up and down very easily with your hands. So imagine now the aircraft flying during the cruise while the total
lift equals the weight of the airplane: each wing is supporting half the weight of the airplane. Both wings are
bent upwards. Now let us say that because of a gust the aircraft is shaken up and down, then the wings are
flapping up and down because of inertia. If the airplane is not subject to flutter, then the vertical vibration of
the wings is damped and it does not amplify. However if the periodic vibration of the gust has a frequency
similar to the natural structural frequency of the wing, it will enter resonance and the up and down deflection
of the wing will be increased, amplified, and eventually lead to its destruction.
In fact, when the wing tip is going down, a vertical relative airflow is hitting the lower surface of the wing,
increasing its angle of attack, increasing the upwards aerodynamic reaction (Lift) on the wing tip. When the
wing tip has reached its lowest point, the extra Lift generated combined with the elasticity of the material is
accelerating the tip upwards just as a spring would do. Now, while the wing tip is moving upwards, there is a
downwards relative airflow on the tip which is decreasing the angle of attack of the tip, thus decreasing the
magnitude of the Lift. When the tip reaches its highest point, the Lift is low or even directed downwards. That
negative lift is helped by the elasticity of the wing and again, as a spring would do, the system is now
accelerated downwards again. If the frequency of the gust matches the natural structural frequency of the wing,
a vibration in resonance is developing, aero elastic flutter takes place and the aircraft will be flying by flapping
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his wings as a bird would do. The only difference with a bird is that the bird will not break his wings because
of flapping it. [2]

2. Mathematical formulation of frequency independent flutter equation:
2.1 Flutter speed prediction derivation
Considering a binary aero elastic system with frequency-independent aerodynamics, whose equation of motion,
after determining the kinetic and potential energy and incremental work terms

(1)
Rewriting the equation (1) in a simplified form as
(2)
Assume a solution of the form
(3)
Also making the substitutions
X

(4)
(5)

Where μ is the ratio between the two spring stiffness’s
X is an unknown that has to be found.
The non-trivial solution of the equations is defined as
(6)
Solving the above determinant gives the quartic equation
(7)
Where
are the functions of the parameters in Equation (6)
The roots of the equation are in two complex conjugate pairs, namely
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(8)

(9)
Where
,

are the damping ratios of flapping and pitching wing respectively
are the frequencies of flapping and pitching wing respectively

At the flutter speed, since one of the damping ratios becomes zero, then one of the root pairs becomes
λ = iω

(10)

Substituting Equation (10) λ = iω into the quartic Equation (7) gives
(11)
Substituting Equation (10) λ = iω into the quartic Equation (7) gives
(12)
Now, by adding Equations (11) and (12) gives
(13)
Now, by subtracting Equations (11) and (12) gives
(14)
Hence the frequency at the flutter condition is given by
(15)
Equation (15) can be substituted into the quadratic part of Equations (13)
(16)
From equation (16) which the flutter speed may be obtained since the parameters in the equation are functions
of V.
Knowing the matrix terms in Equation (2) it is possible to determine directly the critical flutter speeds and
frequencies of a binary aero elastic system using the following procedure we can obtain critical velocity.
Expanding the determinant in Equation (6) gives the fourth-order characteristic polynomial of Equation (7)
Where
(17)
(18)
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(19)
=(

)

(20)
(21)

=(

(22)
(23)
(24)

Substituting Equations (17) to (24) into expression (16) for the critical condition and eliminating a factor of V6,
gives a quadratic equation in terms of the unknown x such that
(25)
The two roots of equation (25) are then substitute into Equation (4), giving the two critical flutter speeds
between which the system is unstable.

2.2 FLUTTER SPEED –NUMERICAL CALCULATION
2.2.1 INPUT PARAMETER
Considered Aircraft
S.No
1.
2.

: CESSNA 152

Input parameter
Mass axis is at the semi-chord
= 0.5c
Flexural axis is at = 0.48c from the leading edge.

0.725m
0.696m

Value

3.

Semi-span s

5.1m

4.
5.
6.
7.
8.
9.
10.

Chord c
Mass per unit area m
Lift slope curve
Non dimensional pitch damping derivative
Material used in Cessna wing
Torsional Rigidity GJ
Flexural Rigidity EI
Table. 1 Input parameter for flutter speed calculation

1.45m
100kg/
-1.2
Aluminium
2*
N
5*
N

Substituting the above input parameter to the equation (1)
.
.
.
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.
.
.
.
.
.
.
.
.
.
.
Substituting

in Equation (4.5)

We get,
Substituting the above values in equation (4.17) to (4.24)
We get
.
.
.
.
.
.
.
.
.
Substituting above values to equation (25) and eliminating the
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.
.
(4.26)
Substituting A, B &C values in above second order equation
The two roots for the equation obtained is

.
Now, we are substituting the above roots to Equation (4)
,

.

With the frequency independent aero elastic equation the flutter velocity is calculated by substituting all the
baseline parameter of Cessna 152 in equation 1. The two roots of this equation are then put into Equation (26),
which gives the two critical flutter speeds (i.e.
,
) between which the system
is unstable. Obviously the lowest speed is the one that is of interest, since any aircraft will probably have been
destroyed long before the second critical condition has been reached. Since is impossible to predict, the
velocity
is chosen for analysis.

3. Aerodynamic formulation of flutter
The flutter velocity of wing will increases the lift .To obtain the lift value the aerofoil of the Cessna 152 aircraft
is chosen for the aerodynamic analysis using the GAMBIT and FLUENT software.
The aerofoil of the Cessna 152 aircraft is
4-Digit NACA 2412
An aerofoil of the NACA 4-digit series such as the NACA 2412 describes an aerofoil with a camber of 0.02
chord located at 0.40 chord, with 0.12 chord of maximum thickness.
NACA 2412 Details
Zero-lift angle of Attack (deg.) : 2
Stall Angle of Attack (deg.)
: 16
Maximum Lift Coefficient
: 1.7
Lift Curve Slope (1/deg)
: 0.108
Moment Coefficient (before stall): 0.05
Minimum Drag coefficient
: 0.006
Max.Lift-to-Drag Ratio (L/D) 1.0/0.0088 =113
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3.1 Aerodynamic analysis
The steps for generating a mesh in GAMBIT for an aerofoil geometry. The generated mesh can import to
FLUENT for fluid flow simulation.

3.1.1 GAMBIT OR ANSYS MESHING SOFTWARE
Methodology
 PRE-PROCESSING(GAMBIT)

Step 1: Create a geometry
Start GAMBIT
Create a new directory called aerofoil and start GAMBIT from that directory by typing gambit id aerofoil at the
command prompt. Under Main Menu, select Solver >FLUENT 5/6 since the mesh to be created is to be used in
FLUENT 5/6.
Import Edge
To specify the aerofoil geometry, we will import a file containing a list of vertices along the surface and have
GAMBIT join these vertices to create two edges, corresponding to the upper and lower surfaces of the aerofoil.
We will then split these edges into 4 distinct edges to help us control the mesh size at the surface. The chord
length c for the geometry in vertices.dat file is 1.45 the coordinates of the aerofoil is given previously, so x
varies between 0 and 1.45. Menu > File > Import > ICEM Input. Using the Line and arc option draw a control
volume.

Figure 2 Imported aerofoil in Gambit
In an external flow such as that over an aerofoil, we have to define a far field boundary and mesh the region
between the aerofoil geometry and the far field boundary. It is a good idea to place the far field boundary well
away from the aerofoil since we'll use the ambient conditions to define the boundary conditions at the far field.
The farther we are from the aerofoil, the less effect it has on the flow and so more accurate is the far field
boundary condition. The far field boundary we'll use is the line ABCDEFA in the figure above. c is the chord
length.
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Figure 3 Dimension of aerofoil with control mesh
Step 2: Meshing edges
Operation Toolpad > Mesh Command Button > Edge Command Button > Mesh Edges
Edges
Arrow Direction
Successive Ratio
Interval Count
GA and BC Upwards
1.15
45
EG and CD Downwards
1.15
45
AB and CG Left to Right
1.08
60
EF and FA
Clockwise
1
50
Step 3: Set Boundary types
Edges
Type
EF and FA
Inlet
EG and GA
Pressure Far field
ED and AB
Pressure far field
BC and CD
Pressure far field
Step 4: Exporting the mesh to be read by fluent

Figure 4 Gambit Mesh Image of Aerofoil
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Figure 5 Magnified view of aerofoil in Gambit
3.1.2 FLUENT
 SOLVER(FLUENT5/6)
Step 1: Open FLUENT.
Start > Programs > Fluent Inc. > Fluent 6.3 Select 2ddp and run
Step 2: Read Case file.
File > Read > Case
Grid > Check
Step 3: Display the grid
Display>Grid
Step 4: Select Solver
Define > Models > Solver >Pressure based
Define > Models > Solver >Spalart Allmaras (1eqn)
Step 5: Defining Material
Define > Materials>Density constant
Step 6: Operating Condition
Define >Operating condition
Step 7: Boundary Conditions
Define > Boundary Conditions
Step 8: Solution
Solve > Initialize > Initialize
Solve > Monitors> Residuals
Solve> Monitors>Force
Step 9: Write case
File > Write > Case…
Step 10: Solve
Solve > Iterate…
Post processing
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Figure 6 CL curve obtained from FLUENT
The coefficient of lift from the Figure 6 is

3.2 Lift calculation
Lift: Component of aerodynamics force generated on a/c perpendicular to flight direction. Lift coefficient:
Amount of lift generated depends on planform area(S), air density (ρ), and flight speed (V), lift coefficient ( )
L=
is a measure of lifting effectiveness & mainly depends upon section shape,
Planform geometry, angle of attack (α), compressibility effects (Mach no), viscous effect (Reynold’s number)
S.No
1.
2.
3.

Input
at cruise altitude(14,000feet) in kg/
Flutter velocity in m/s
is wing area in

Values
0.7752 kg/
71.083 m/s

4.

14.9
0.7177

5.
6.

757
55

Weight of the aircraft in kg
is Cruise velocity in m/s
Table 2 Input parameter for lift calculation
Lift due to Flutter
L=
L =21,896 N
Lift at Cruise Altitude
L=
L =12,538 kg.m/

3.2.1 Load Factor
The load to the aircraft on the ground is naturally produced by the gravity (i.e. g). But, there are other sources
of load to the aircraft during flight; one of which is the acceleration load. This load is usually normalized
through load factor (i.e. "n" time’s g). In another word, aircraft load is expressed as a multiple of the standard
acceleration due to gravity (g = 9.81m/ =32.17 ft. / ). Recall that we defined the load factor as the ratio
between lift and weight.
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=
Load factor at flutter velocity
Load factor =

= 2.820

Load factor at cruise velocity
Load factor =

= 1.688

Now the load factor n at flutter velocity and cruise velocity is 2.820 and 1.688 have been calculated.

4. Flight Envelope
In aerodynamics, the flight envelope, service envelope, or performance envelope of an aircraft refers to the capabilities
of a design in terms of airspeed and load factor or altitude. When a plane is pushed, for instance by diving it at high
speeds, it is said to be flown "outside the envelope", something considered rather dangerous.
One of the most important diagrams is referred to as flight envelope. This envelope demonstrates the variations
of airspeed versus load factor (V – n). In another word, it depicts the aircraft limit load factor as a function of
airspeed. One of the primary reasons that this diagram is highly important is that, the maximum load factor;
that is extracted from this graph; is a reference number in aircraft structural design. If the maximum load factor
is under-calculated, the aircraft cannot withstand flight load safely. For this reason, it is recommended to
structural engineers to recalculate the V-n diagram on their own as a safety factor.
4.1 V-n diagram without consideration of gust
Considering the different velocity of Cessna 152 during its varies stages of mission such as stall velocity,
corner velocity or manoeuvring velocity, cruise velocity, dive velocity or never exceed speed, flutter velocity
and calculating the load factor (n) with respect to the lift obtained for cruise and during flutter.
S.No
1.
2.
3.
4.
5.

Velocity
Stall Velocity
Corner Velocity
Cruise Velocity
Dive Velocity
Flutter Velocity

Velocity value
21.94
54
55
56
71.08

Load Factor(n)
0.2685
1.6
1.6
1.6
2.820

Table 3 Input parameter of V-n diagram
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Figure 7 V-n Diagram
From figure 7, it is clear that the obtained flutter velocity will lead to the structural damage of the aircraft.
Hence velocity is in outer the flight envelope of the Cessna 152.

5. Conclusion
The frequency independent aero elastic equation is considered, for determining the critical flutter velocity of
Cessna 152 trainer aircraft, when the aircraft is unstable. The two critical flutter velocities which had been
found from the above mentioned equation are lower flutter velocity and higher flutter velocity. In this lower
flutter velocity is considered for further aerodynamic analysis because there will be structural damage of the
aircraft beyond the lower velocity. The Cessna 152 aerofoil NACA 2412 is considered for aerodynamic
analysis in Gambit and FLUENT 5/6 to find CL value. The general lift equation is used to obtain lift at cruise
and the lift which will be generated due to flutter with the calculated CL value. In order to evaluate the
theoretical flutter velocity, the flight envelope of Cessna 152 is plotted. The flight envelope is plotted with
different velocity at different stage of mission profile and its respective load factor has been found and it’s
clearly observed from the figure 7, the velocity 71.083m/s is outside the flight envelope. Thus it is concluded
that when the Cessna 152 reaches the flutter velocity it will undergoes structural damage.
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