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Abstract
A stabilized ﬁnite-element formulation incorporating Streamline Upwind/Petrov-Galerkin (SUPG) and Pressure
Stabilized/Petrov-Galerkin (PSPG) terms has been used to explore the highly conﬁned (90% blockage) ﬂow of viscous ﬂuid
past a stationary circular cylinder. A fully developed inlet velocity proﬁle in conjunction with no-slip side walls has been
used for the computations. Results have been presented for Re = 5 to 150 where Re is the Reynolds number based on
diameter of cylinder, centreline velocity at inlet and viscosity of ﬂuid. A very interesting result from the current
investigation is that the surface pressure is positive along the entire circumference of the cylinder for Re up to 80. A very
narrow regime of negative pressure is noted for Re 80. At low Re, such as 5, the magnitude of forward stagnation pressure
is of the order of 103, which is signiﬁcantly higher than the one for unbounded ﬂow. Imposition of blockage also enhances
the cylinder drag signiﬁcantly. At Re = 150, the drag for 90% blockage is about 90 times of its unbounded counterpart. The
laminar separation of ﬂow initiates at an Re between 30 and 40. The separation bubble elongates approximately linearly
with Re. The transition to unsteady ﬂow takes place within the interval 100< Re <110. For unsteady ﬂow, the phase
portraits for drag and lift exhibits symmetry about the zero lift line. The ﬂow is periodic over the unsteady regime. At Re =
150 the ﬂow is periodic with multiple frequencies. The drag-lift phase portrait contains three crossover points and four
loops at Re = 150.
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1. Introduction
Ever since the work done by von-Karman early in last century in the ﬁeld of ﬂuid mechanics, huge amount
of work has been done in this ﬁeld. In-spite of extensive experimental and numerical studies on ﬂow past a
bluﬀ bodies, ﬂow around a circular cylinder at high blockage still remains a challenging problem.As
available literature lacks knowledge of such problems. The variation in the ﬂow characteristics due to the
lateral walls is seen by various researchers. Tezduyar et al. (1994) investigated the two-dimensional unsteady
incompressible ﬂow and reported the eﬀect of lateral boundary of computation domain on diﬀerent ﬂow
parameters. Also the choice of bounded domain gives more speciﬁc results of the ﬂow than observed by
unbounded case. Laminar1separation Reynolds number, Res, as presented by Dennis et al. (1970) for
unconﬁned motion steady ﬂuid ﬂow to be less than 7. Dennis et al. (1970) used FDM to investigate the ﬂow for
Re =5-100 and also stated the wake length variation with Re to be linear. Sen et al. (2009) presented the value
of Res to be around 6.29 for B =0.005 and has also presented that there is no eﬀect of blockage on ﬂow
parameters for B less than 0.01..

2. The governing equations
2.1 The incompressible ﬂow equations
Let Ω ⊂ IRnsd be the spatial domain, where nsd = 2 is the number of space dimensions and (0,T) be the
temporal domain. The boundary of Ω is denoted by Γ and is assumed to be piecewise smooth. The closure of
the domain is denoted by Ω. The spatial and temporal coordinates are denoted by x and t, respectively. The
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equations governing the unsteady ﬂow of an incompressible ﬂuid are:

Here u and σσ σ denote the ﬂuid velocity and the Cauchy stress tensor, respectively. The stress is the sum of its
isotropic and deviatoric parts:

where p, I, µ and εε ε are the pressure, identity tensor, dynamic viscosity of the ﬂuid and strain rate tensor,
respectively. Both, the Dirichlet and Neumann-type boundary conditions are accounted for and are represented
as

Γg and Γh are complementary subsets of the boundary Γ, n is its unit normal vector and h
is the surface traction vector. The initial condition on the velocity is speciﬁed on Ω at t = 0:

where u0 is divergence-free, i.e. u0 satisﬁes Equation (2). The momentum equation for steady incompressible
ﬂow is obtained by dropping the time-derivative in Equation (1)

3 The ﬁnite-element formulation
The spatial domain Ω is discretized into non-overlapping sub-domain Ωe=1,2,.....,nel where nel is the
number of elements. Sh uu u and Sh p be the ﬁnite dimensional trial function spaces for velocity and pressure,
respectively and the corresponding weighting function spaces are denoted by Vh uu u and Vh p . these function
spaces are deﬁned
as:
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Here, P1 represents the ﬁrst degree polynomials. Thus, over the element domain, this space is formed by using
ﬁrst degree polynomials in space and time. Globally, the interpolation functions are continuous in space but
discontinuous in time. The stabilized space-time formulation for deforming domains is then written as follows:

In the variational formulation as given above, the ﬁrst three terms and the right hand side constitute the
Galerkin formulation of the problem. The ﬁrst series of element level integrals in Equation (10) are the SUPG
(streamline-upwind/Petrov-Galerkin) and the PSPG (pressure-stabilizing/Petrov-Galerkin) stabilization terms
added to the variational formulations of the momentum and the continuity equations, respectively. At high Re,
in an advection dominated ﬂow, the Galerkin formulation of the ﬂow equations lead to node-to-node
oscillations in the velocity ﬁeld. This numerical instability is overcome by adding the SUPG stabilization
contribution to all the terms of the Galerkin weak form of the momentum equations. The SUPG formulation
for convection dominated ﬂows was introduced by Hughes & Brooks (1979) and Brooks & Hughes (1982).
PSPG stabilization terms are added to the formulation to enable the use of equal order interpolation for velocity
and pressure.Hughes et al. (1986) introduced the pressure stabilization methods in the context of Stokes ﬂow.
This method uses equal order interpolation for velocity and pressure, thus circumvents the Babuska-Brezzi or
inf-sup stability condition yet provides stable solutions. Tezduyar et al. (1992c) generalized the method to
ﬁnite Reynolds number ﬂows and introduced the PSPG term. The PSPG contribution is added to the Galerkin
weak form of the continuity equation. This in turn results in a coupled equation system that possesses non-zero
coeﬃcients for pressure in the continuity equation, thus bringing deﬁniteness in the matrix system. In the
current formulation, τSUPG and τPSPG are equal and represented by the symbol τ. The parameter τ is deﬁned
as:

where h is the characteristic element length. The parameter δ is added to ensure numerical stability at high
Reynolds numbers. This is a least squares term based on the continuity equation and is expressed as
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with the following deﬁnition of z

where, Reu is the local or element Reynolds number. more details of the semi-discrete ﬁnit element
formulation can be found in Tezduyar et al. (1992c).

4 Problem description
4.1 Problem set-up
An inﬁnitely long cylinder of Diameter D is placed mid-way between two lateral walls of a channel which
are at a distance of H apart, as shown in Figure. The ﬂow characteristics are such that the ﬂuid enters the
channel with a parabolic proﬁle (fully developed) and the lateral walls are assigned with no-slip condition on
velocity, i.e. the velocity is set to zero at upper and lower boundaries. Neumann condition for velocity is
applied on downstream boundary that corresponds to stress-free condition. Re for this ﬂuid is based on the
centreline velocity.

4.2 The ﬁnite-element mesh
A ﬁnite-element mesh used for computing the ﬂow around the conﬁned cylinder is shown in Figure 4.2.
The distances of the upstream and downstream boundaries from the origin of the cylinder are denoted by Lu
and Ld, respectively. In the present work, Lu = 50D and Ld = 100D. The mesh is structured, non-uniform
and consists of 90298 nodes and 89504 bilinear quadrilateral elements.
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5 Results
The present numerical study performed by numerically solving the equations of ﬂow and motion. The
results are presented for 5 ≤ Re ≤ 150. The computations are done for a two dimensional ﬂow with
B = 0.9.
Various post processing tools were used to extract the data from the ﬁles generated by FORTRAN code

5.1 Variation of drag and eddy length with Re
Variation of drag and eddy length is shown in ﬁgure with Re. It is well known that drag decreases with Re
but it is observed that drag is very high at low Re which drastically decreases at higher Re in steady state at
high blockage B = 0.9.
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Eddy length is the streamwise distance between the wake stagnation and rear stagnation point. From
observation of streamline contours it is demonstrated that bubble length increases with increase in Re. The
change of eddy length with Re for steady ﬂow past a circular cylinder can be establish from ﬁgure 4.

5.2 Development of steady separation bubble with Re
Development of the steady separation bubble is determined by streamline contour plots with Re. Streamlines
are plotted for range 28 ≤ Re ≤ 50. It is observed that no separation bubble is formed
for Re < 30 . The
bubble once formed continously enlarges with Re.

5.3 Surface pressure distribution
Surface pressure distribution is shown in ﬁgure from Re = 5-150 for laminar ﬂow past a circular cylinder.
The pressure coeﬃcient Cp is computed using no-slip boundary conditions on cylinder surface. It has been
observed that large value of surface pressure coeﬃcient exists at low Re. It decreases drastically at angle of
80◦-110◦, after that its value is asymptotic in nature.
The maximum value of surface pressure coeﬃcient lies at forward stagnation point Cpo and at rear stagnation
point the value is much smaller. The value of surface pressure coeﬃcient remains positive at all points upto
Re ≤ 80 after this a very narrow regime of negative pressure is noted at θ = 100◦.
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5.4 Onset of unsteadiness
Flow behaviour remains steady at Re = 100, time series of Cd shows the value of drag coeﬃcient with
increasing Re, it is observed that the ﬂow is fully steady for Re < 108. At Re = 108, the transition from steady
to unsteady ﬂow regime takes place and is marked as critical Re(Rec). For Re > 108, the shedding of vortices
initiates.

5.4.1 Vorticity Contours
In highly conﬁned ﬂow the wall separation bubble ahead of the wake stream is also formed. This is due
to the boundary eﬀects of the lateral walls which is not the case for unbounded ﬂow. This tells that due to
conﬁnement (at Re = 150) size of the standing vortices are reduced and the critical Re of vortex shedding is
delayed.
At Re = 150 vorticity contour represents 2S mode of vortex-shedding as two vortices are shed per cycle.
One from the top side while the other from the bottom side of cylinder. There is also vortices at the wall due
to high blockage and same sign of vortices interact with each other. For other representative Re(108,110,120),
the undulations behind the wake suggested the presence of unsteadiness.
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5.4.2 Cd − Cl phase plot at Re= 150
For unsteady ﬂow, it is observed that the phase portraits for drag and lift exhibits symmetry about the
zerolift. The ﬂow is also periodic over the unsteady regime. At Re = 150, the ﬂow is periodic with multiple
frequencies. The drag-lift phase portrait contains three crossover points and four loops at Re = 150.

6 Conclusions
A stabilized ﬁnite element formulation using Streamline Upwind/Petrov Galerkin (SUPG) and Pressure
stabilized/Petrov Galerkin (PSPG) method with great accuracy is used. A parabolic ﬂow with no-slip boundary
condition at lateral walls and stress free condition at downstream are used. It is observed that ﬂow is symmetric
about X-axis. Strong vortices appeared due to disturbance of wall resulting in high drag. The seperation
appeared between the span of Re = 30 and 40. It is perhaps the ﬁrst time that coeﬃcient of pressure is

Sachin Saurabh
33

INTERNATIONAL JOURNAL OF RESEARCH IN AERONAUTICAL AND MECHANICAL
ENGINEERING
WWW.IJRAME.COM
ISSN (ONLINE): 2321-3051

Vol.7 Issue 6,
June 2019
Pg: -26-35

observed to be positive at rear stagnation point, Cpb. The minimum pressure coeﬃcient remains positive upto
Re = 80,followed by a small range of negative pressure is observed. The ﬂow becomes unsteady after the
critical value of 108. At Re = 150 strong vortex shedding is present. Due to high blockage the wall eﬀect on
vortex street behind the cylinder can be observed for Re more than 100.
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